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Abstract
In the present paper we will study the spectral property of a class of self-affine measures under the con-
dition of compatible pair. We first answer a question of Dutkay and Jorgensen concerning the relationship
between spectral self-affine measure and compatible pair. We then consider the spectra of Bernoulli con-
volutions and obtain a sharp result which extends the corresponding result of Jorgensen, Kornelson and
Shuman. Finally, we provide a structural property for the integer spectrum of a spectral self-affine measure.
© 2010 Elsevier Inc. All rights reserved.
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1. Introduction
For a probability measure μ of compact support on Rn, we call μ a spectral measure if there
exists a discrete set Λ ⊂ Rn such that E(Λ) := {e2πi〈λ,x〉: λ ∈ Λ} forms an orthogonal basis
(Fourier basis) for L2(μ). The set Λ is then called a spectrum for μ; we also say that (μ,Λ) is a
spectral pair. Spectral measure is a generalization of the spectral set introduced by Fuglede [8].
In the present paper we will study the spectral property of a class of self-affine measures μM,D
arising from the iterated function system (IFS)
{
φd(x) = M−1(x + d)
}
d∈D,
where M ∈ Mn(Z) is an expanding integer matrix, that is, all the eigenvalues of the integer
matrix M have modulus greater than 1, and D ⊂ Zn is a finite subset of the cardinality |D|.
E-mail address: jllimath@yahoo.com.cn.0022-1236/$ – see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jfa.2010.12.001
J.-L. Li / Journal of Functional Analysis 260 (2011) 1086–1095 1087More precisely, the self-affine measure μM,D considered here is a unique probability measure
μ := μM,D satisfying
μ = 1|D|
∑
d∈D
μ ◦ φ−1d , (1.1)
and is supported on the attractor or invariant set T (M,D) of IFS {φd(x)}d∈D , where T (M,D)
is a unique nonempty compact set T := T (M,D) such that MT = ⋃d∈D(T + d) (see [10]).
A more explicit expression of T is given by the following radix expansion
T (M,D) =
{ ∞∑
j=1
M−j dj : dj ∈ D
}
=
∞∑
j=1
M−jD. (1.2)
Let S ⊂ Zn be a finite subset of the cardinality |S| = |D|. Corresponding to the dual IFS {ψs(x) =
M∗x + s}s∈S , we use Λ(M,S) to denote the expansive orbit of 0 under {ψs(x)}s∈S , that is
Λ(M,S) :=
{
k−1∑
j=0
M∗j sj : k  1 and sj ∈ S
}
, (1.3)
where M∗ denotes the transposed conjugate matrix of M .
In general, the invariant set T (M,D) behaves like a fractal, highly non-linear, it includes com-
plicated geometries, and the invariant measure μM,D includes the restriction of n-dimensional
Lebesgue measure μL.
It is well known that the orthogonal exponentials in L2(μL) play a central role in Fourier
analysis on Euclidean space. What happens to the Fourier basis if we attempt to replace μL
by more general measures such as μM,D? There are a wide range of interests in this question
after the pioneer work of Jorgensen and Pedersen [11] (see e.g., [19–21,14,15,17,16,1,5,4] and
references cited therein). In all these research, the concept of compatible pair, following the
terminology of [20], plays an important role. Recall that for two finite subsets B and S of Rn of
the same cardinality q , we say (B,S) is a compatible pair if the q × q matrix
HB,S :=
[
q−1/2e2πi〈b,s〉
]
b∈B, s∈S
is unitary, i.e. HB,SH ∗B,S = Iq . The well-known result of Jorgensen and Pedersen [11] shows that
if (M−1D,S) is a compatible pair with the expanding matrix M ∈ Mn(Z) and D,S ⊂ Zn, then
E(Λ(M,S)) is an infinite orthogonal system in L2(μM,D). Moreover, Dutkay and Jorgensen
[1, Conjecture 2.5] [4, Conjecture 1.1] (see also [3, Problem 1]) formulated the following:
Conjecture 1.1. Let M ∈ Mn(Z) be an expanding integer matrix, and D ⊂ Zn a finite digit set
with 0 ∈ D. If there exists a subset S ⊂ Zn, 0 ∈ S such that (M−1D,S) is a compatible pair (or
(M,D,S) is a Hadamard triple), then μM,D is a spectral measure.
The above Conjecture 1.1 holds in the dimension n = 1 [14], in the case when |D| = |S| =
|det(M)| [17] and in the case when |det(M)| is a prime number [16], it also holds in higher
dimensions with additional conditions [1,4].
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eral questions on the spectrality of a self-affine measure μM,D and its relation with compatible
pair. We first give some remarks on these questions, and answer a question of Dutkay and Jor-
gensen [3] in Section 2. We then consider the spectra of Bernoulli convolutions in Section 3,
and obtain a sharp result which extends the corresponding result of Jorgensen, Kornelson and
Shuman [13]. In the final section, we provide a structural property for the integer spectrum of a
spectral self-affine measure μM,D .
2. A question of Dutkay and Jorgensen
In this section we give some remarks on several questions relating to Conjecture 1.1. In par-
ticular, we answer a question of Dutkay and Jorgensen in [3].
(A) Dutkay and Jorgensen [2, Conjecture 6.1(a)] proposed the following conjecture.
Conjecture 2.1. Let M ∈ Mn(Z) be an expanding matrix. Let D and S be two subsets of Rn of
the same cardinality such that (M−1D,S) is a compatible pair. Then μM,D is a spectral measure
if and only if μM∗,S is a spectral measure.
Note that we may always assume that 0 ∈ D ∩ S. In view of the fact that (M−1D,S) is a
compatible pair if and only if (M∗−1S,D) is a compatible pair (cf. [17, Section 2]), we see that if
Conjecture 1.1 holds, then both μM,D and μM∗,S are spectral measures, and hence Conjecture 2.1
holds in the case when D ⊂ Zn and S ⊂ Zn.
It follows from [16, Example 1] that in Conjecture 1.1, one cannot replace D ⊂ Zn and S ⊂ Zn
by D ⊂ Rn and S ⊂ Rn respectively, while in Conjecture 2.1, there are examples (such as Exam-
ple 1 in [16]) to illustrate that both μM,D and μM∗,S are not spectral measures.
(B) It is known that the Fourier transform μˆM,D plays an important role in the study of spectral
self-affine measure. From (1.1), the Fourier transform of the self-affine measure μM,D is
μˆM,D(ξ) :=
∫
e2πi〈x,ξ〉 dμM,D(x) =
∞∏
j=1
mD
(
M∗−j ξ
) (
ξ ∈ Rn), (2.1)
where
mD(x) := 1|D|
∑
d∈D
e2πi〈d,x〉
(
x ∈ Rn). (2.2)
Then, the spectrality of μM,D is equivalent to say that there exists a discrete set Λ ⊂ Rn such
that ∑
λ∈Λ
∣∣μˆM,D(t + λ)∣∣2 = 1, ∀t ∈ Rn. (2.3)
Let Q(t) :=∑λ∈Λ |μˆM,D(t + λ)|2. Then (μM,D,Λ) is a spectral pair ⇔ Q(t) = 1, ∀t ∈ Rn.
Since the conditions of Conjecture 1.1 give us the information that there are infinite orthogonal
system E(Λ) in L2(μM,D), we provide an equivalent condition on the orthogonality which may
be connected with the conclusion of Conjecture 1.1.
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(i) E(Λ) is an infinite orthogonal system in L2(μM,D);
(ii) Q(t) :=∑λ∈Λ |μˆM,D(t + λ)|2 satisfies 0Q(t) 1, ∀t ∈ Rn;
(iii) Q(t) :=∑λ∈Λ |μˆM,D(t + λ)|2 satisfies Q(t) = 1, ∀t ∈ (−Λ).
The equivalence of (i) and (ii) is well known, while the equivalence of (i) and (iii) is due to the
fact that for any λ˜ ∈ Λ, we have
Q(−λ˜) =
∑
λ∈Λ
∣∣μˆM,D(−λ˜ + λ)∣∣2 = 1 + ∑
λ∈Λ\{λ˜}
∣∣μˆM,D(λ − λ˜)∣∣2. (2.4)
Note that the function Q(ξ) may have an entire analytic extension to Cn which is of linear
exponential growth in the imaginary direction (cf. [11]), so the above equivalent condition (iii)
may provide a supportive evidence to Conjecture 1.1 although we cannot prove it.
(C) Dutkay and Jorgensen proposed the following problem in [3, Problem 4].
Problem 2.2. Consider an affine system given by (M,D) in Rn with usual condition on the n×n
matrix M and the digit set D:
(a) The matrix M has integral entries and is expansive;
(b) 0 is in the set D, and D is a finite subset of Zn.
Then the following three affirmations are equivalent:
(i) There is a subset S contained in Zn such that |S| = |D| and (M−1D,S) is a compatible
pair.
(ii) If the system (M,D) is initialized with an open subset Ω in Rn, then the restriction of μL
to Ω is spectral. (Is the initial measure spectral?)
(iii) The IFS Hutchinson-measure μ constructed from the initial system (M,D) in Rn by the
recursive recipe in the definition is spectral. (Is the final measure spectral?)
We note that Example 3 in [16] illustrates that (iii) holds but (i) does not hold. In fact, for the
pair (M,D) given by
M =
[
0 1
−3 0
]
and D =
{(
0
0
)
,
(
1
3
)
,
(
2
3
)}
, (2.5)
we have shown in [16, Example 3] that the final measure μM,D is a spectral measure, and one of
its spectra is
B˜∗−1
(
Z2
)
, where B˜ =
[
1 2
3 3
]
. (2.6)
However, there does not exist any subset S contained in Zn such that |S| = |D| and (M−1D,S) is
a compatible pair. If so, we see from Proposition 2.2(i) in [17] that the elements in D are distinct
modulo M , i.e., di − dj /∈ MZn for distinct di, dj in D. But we have
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(
2
3
)
−
(
1
3
)
= M
(
0
1
)
, (2.7)
which shows that (i) cannot hold.
3. Spectra of Bernoulli convolutions
In this section, we investigate certain spectral properties of the Bernoulli convolutions μλ
which are a class of self-affine fractal measures on attractor sets Kλ arising from IFSs {τ+(x) =
λ(x + 1), τ−(x) = λ(x − 1)} on R, where λ ∈ (0,1).
It is known that for each λ ∈ (0,1), the measure μλ has Fourier transform given by
μˆλ(t) =
∞∏
j=1
cos
(
2πλj t
)
, t ∈ R. (3.1)
Jorgensen and Pedersen [11] proved that for each k ∈ N, the set E(Γ ( 12k )) with
Γ
(
1
2k
)
=
{ finite∑
j=0
(2k)j aj : aj ∈
{
0,
k
2
}}
(3.2)
forms an orthonormal basis (ONB) for L2(μ 1
2k
). The other results concerning the spectral prop-
erty of the Bernoulli convolutions have been obtained in [12,9,7,6,13]. Usually the following two
types of questions have often been considered: For what values of λ, is μλ a spectral measure?
When it is, what are the Fourier bases in the space L2(μλ)? Recently, Jorgensen, Kornelson and
Shuman [13] find a condition on p and k which determines whether E(pΓ ( 12k )) is an ONB for
L2(μ 1
2k
). The main results of [13] are the following.
Theorem A. For k ∈ N and p ∈ 2N + 1, if p < 2(2k − 1)/π , then E(pΓ ( 12k )) is an ONB for
L2(μ 1
2k
).
Theorem B. Let k ∈ N and p = 2k − 1. Then E(pΓ ( 12k )) is not total in L2(μ 12k ).
The above research also leaves an open question on the values of p. That is, we do not know
whether E(pΓ ( 12k )) is an ONB for L
2(μ 1
2k
) in the case when 2(2k − 1)/π  p < 2k − 1. In the
following, we will answer this question.
Theorem 3.1. For k ∈ N and p ∈ 2N+1, if p < 2k−1, then E(pΓ ( 12k )) is an ONB for L2(μ 12k ).
In order to prove the Theorem 3.1, we need the following lemma due to Strichartz [19].
Lemma 3.2. Let M ∈ Mn(Z) be expanding, D and S be two finite subsets of Zn of the same
cardinality such that (M−1D,S) is a compatible pair and 0 ∈ D ∩ S. Suppose that the zero set
Z(mM−1D(t)) is disjoint from the set T (M∗, S). Then (μM,D,Λ(M,S)) is a spectral pair.
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S = {0, s}, where s ∈ Z will be determined later. Then, (M−1D,S) is a compatible pair if and
only if
HM−1D,S :=
[
1 1
1 e2πi
s
2k
]
satisfies HM−1D,SH ∗M−1D,S = 2I2. (3.3)
So, by taking s ∈ (2Z + 1)k, we first get a compatible pair (M−1D,S). Furthermore, from (1.2)
and (2.2), we have
T
(
M∗, S
)=
{ ∞∑
j=1
M∗−j sj : sj ∈ S
}
= s
{ ∞∑
j=1
sj
(2k)j
: sj ∈ {0,1}
}
⊆
[
0,
s
2k − 1
]
, (3.4)
and
mM−1D(t) =
1
2
{
1 + e2πi t2k }= 0 ⇔ t ∈ (2Z + 1)k. (3.5)
Next, let s = kp and p ∈ 2N + 1, we obtain, from (3.4) and (3.5), that if
s
2k − 1 =
kp
2k − 1 < k, i.e., p < 2k − 1, (3.6)
then T (M∗, S) ∩ Z(mM−1D(t)) = ∅. Hence, by taking S = {0, s} = {0, kp} with p ∈ 2N + 1
and p < 2k − 1, we obtain, from Lemma 3.2, that (μM,D,Λ(M,S)) is a spectral pair. That is,
Λ(M,S) is a spectrum for μM,D , or
∑
λ∈Λ(M,S)
∣∣μˆM,D(t + λ)∣∣2 = 1, ∀t ∈ R. (3.7)
On the other hand, for the above M,D and S, we get, from (2.1), (3.1) and (1.3), that
∣∣μˆM,D(2t)∣∣= ∣∣μˆ 1
2k
(t)
∣∣, ∀t ∈ R, (3.8)
and
Λ(M,S) =
{ finite∑
j=0
(2k)j sj : sj ∈ {0, kp}
}
= 2p
{ finite∑
j=0
(2k)j aj : aj ∈
{
0,
k
2
}}
= 2pΓ
(
1
)
. (3.9)2k
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1 =
∑
λ∈Λ(M,S)
∣∣μˆM,D(t + λ)∣∣2
=
∑
γ∈pΓ ( 12k )
∣∣μˆM,D(t + 2γ )∣∣2
=
∑
γ∈pΓ ( 12k )
∣∣∣∣μˆ 12k
(
t
2
+ γ
)∣∣∣∣
2
, (3.10)
which gives
∑
γ∈pΓ ( 12k )
∣∣μˆ 1
2k
(t + γ )∣∣2 = 1, ∀t ∈ R. (3.11)
This shows that pΓ ( 12k ) is a spectrum for μ 12k , or E(pΓ (
1
2k )) is an ONB for L
2(μ 1
2k
). The proof
of Theorem 3.1 is complete. 
Remark 3.3. (i) For k ∈ N and an odd integer p, we know that E(pΓ ( 12k )) is an orthogonal
system in L2(μ 1
2k
). In the case when p = 2k−1, it follows from Theorem B that such orthogonal
system is not total, so E(pΓ ( 12k )) is not an ONB for L
2(μ 1
2k
). This shows that 2k − 1 is a sharp
upper bound for p.
(ii) From the properties of self-affine measure, we have
∣∣μˆM,D(t)∣∣= ∣∣μˆ−M,D(t)∣∣= ∣∣μˆM,−D(t)∣∣= ∣∣μˆ−M,−D(t)∣∣, ∀t ∈ Rn. (3.12)
This shows that the spectrality and non-spectrality of the measures μ−M,D , μM,−D and μ−M,−D
are the same as μM,D . Also we can show that if Λ is a spectrum for μM,D , then −Λ is also a
spectrum for μM,D . Hence the above Theorem 3.1 is also suitable to the case when p < 0 and
k < 0.
4. Integer spectrum
For spectral self-affine measure μM,D , it has been an interesting topic to characterize all its
spectra. We know that the spectrum Λ of a spectral measure μM,D is not necessarily a subset of
integer set even in the integer case: M ∈ Mn(Z) and D ∈ Zn. For example, in Theorem 3.1, the
spectrum pΓ ( 12k ) ⊆ Z if k ∈ 2N, while pΓ ( 12k )  Z if k ∈ 2N − 1. See also the example (2.5)
with non-integer spectrum (2.6) above. Relating to Conjecture 1.1, we will show that under
certain conditions, the integer spectrum of a spectral self-affine measure μM,D has the following
structural property.
Theorem 4.1. Let M ∈ Mn(Z) be an expanding matrix, D and S be two finite subsets of Zn of
the same cardinality such that (M−1D,S) is a compatible pair and 0 ∈ D ∩ S. If Λ1 ⊆ Zn is a
spectrum for μM,D , then M∗Λ1 + S ⊆ Zn is also a spectrum for μM,D .
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∑
s∈S
∣∣mD(M∗−1(ξ + s))∣∣2 = 1, ∀ξ ∈ Rn, (4.1)
we then obtain that the elements in S are distinct modulo M∗ which implies
M∗Λ1 + S =
⋃
s∈S
(
M∗Λ1 + s
) (4.2)
is a disjoint union.
In view of the fact that Λ1 is a spectrum for μM,D if and only if
∑
λ1∈Λ1
∣∣μˆM,D(ξ + λ1)∣∣2 = 1, ∀ξ ∈ Rn, (4.3)
it follows from (4.1), (4.2) and the identity μˆM,D(ξ) = mD(M∗−1ξ)μˆM,D(M∗−1ξ) that
∑
λ∈M∗Λ1+S
∣∣μˆM,D(ξ + λ)∣∣2
=
∑
s∈S
∑
λ1∈Λ1
∣∣μˆM,D(ξ + M∗λ1 + s)∣∣2
=
∑
s∈S
∑
λ1∈Λ1
∣∣mD(M∗−1(ξ + s) + λ1)∣∣2∣∣μˆM,D(M∗−1(ξ + s) + λ1)∣∣2
=
∑
s∈S
∣∣mD(M∗−1(ξ + s))∣∣2 ∑
λ1∈Λ1
∣∣μˆM,D(M∗−1(ξ + s) + λ1)∣∣2
=
∑
s∈S
∣∣mD(M∗−1(ξ + s))∣∣2
= 1, ∀ξ ∈ Rn, (4.4)
which shows that M∗Λ1 + S is also a spectrum for μM,D . This completes the proof of Theo-
rem 4.1. 
Remark 4.2. (i) Let
Λj+1 = M∗Λj + S (j = 1,2,3 . . .). (4.5)
Then, by applying Theorem 4.1 successively, we get that all Λj ⊆ Zn (j = 1,2,3 . . .) are spectra
for μM,D . Furthermore, from the identity
M∗Λ(M,S) + S = Λ(M,S), (4.6)
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spectral self-affine measures μM,D whose spectrum Λ1 = Λ(M,S) even if we have a compatible
pair (M−1D,S) (see Examples in [17]).
(ii) Let |D| = |S| = N and S = {s1 = 0, s2, . . . , sN }. From the above proof, we obtain
that under the condition of Theorem 4.1, if Λ1,Λ2, . . . ,ΛN ⊆ Zn are spectra for μM,D , then⋃N
j=1(M∗Λj + sj ) ⊆ Zn is also a spectrum for μM,D .
(iii) It follows from (4.1), (4.3) and (4.4) that we also have the following conclusion:
Let M ∈ Mn(Z) be an expanding matrix, D and S be two finite subsets of Zn of the same cardi-
nality and 0 ∈ D∩S. If Λ1 ⊆ Zn is a spectrum for μM,D such that M∗(Λ1 −Λ1)∩(S−S) = {0},
then M∗Λ1 + S is a spectrum for μM,D if and only if (M−1D,S) is a compatible pair.
Note that in this conclusion, the condition M∗(Λ1 −Λ1)∩ (S −S)(⊆ M∗Zn ∩ (S −S)) = {0}
implies M∗Λ1 + S is a direct sum. If the elements in S are distinct modulo M∗, i.e., si − sj /∈
M∗Zn for distinct si , sj ∈ S, then for any Λ1 ⊆ Zn, M∗Λ1 + S is always a direct sum.
We end this section by giving an example with integer spectrum in the plane.
Example 4.3. Let p1,p2 ∈ Z with |p1| > 1 and |p2| > 1. For the self-affine measure μM,D
corresponding to
M =
[
p1 0
0 p2
]
and D =
{(
0
0
)
,
(
1
0
)
,
(
0
1
)
,
(
1
1
)}
, (4.7)
we have shown in [18] that if p1,p2 ∈ 2Z + 1, then there are at most 4 mutually orthogonal
exponential functions in L2(μM,D), and the number 4 is the best. In the case when p1 = ±2 and
p2 = ±2, we know that D is a complete residue system (mod M), hence μM,D is a spectral mea-
sure. Now, in the case when p1,p2 ∈ 2Z \ {0,2}, we can show that μM,D is a spectral measure
with one of its spectra Λ ⊆ Z2.
In fact, by letting S be the following set
S =
{(
0
0
)
,
(
p1/2
0
)
,
(
0
p2/2
)
,
(
p1/2
p2/2
)}
, (4.8)
we get a compatible pair (M−1D,S). Furthermore, we have
T
(
M∗, S
)= T (M,S) = [ p1/2 00 p2/2
](
T (M,D)
)⊆ [2/3,2/3]2, (4.9)
and
Z
(
mM−1D(t)
)= Z(mD(M∗−1t))=
[
p1 0
0 p2
](
Z
(
mD(t)
))⊆ R2 \ [−2/3,2/3]2. (4.10)
It follows from (4.9) and (4.10) that T (M∗, S) ∩ Z(mM−1D(t)) = ∅. Hence, we obtain, from
Lemma 3.2, that (μM,D,Λ(M,S)) is a spectral pair. That is, Λ(M,S) is an integer spectrum for
μM,D .
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we also have the spectral measure μM,D corresponding to the pair (M,D) given by
M =
[
2k 0
0 2k
] (
k ∈ Z \ {0}) and D = {( 00
)
,
(
a
b
)
,
(
c
d
)
,
(
a + c
b + d
)}
,
where a, b, c, d ∈ R satisfy ad − bc = 0. In particular, let k = 2, a = 0, b = 2, c = 1, d = 4, we
get the spectral measure μM,D in [4, Theorem 5.2].
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